Abstract. Submeasurable cardinals are de ned in a similar way as measurable cardinals are. Their characterizations are given by means of sequentially continuous pseudonorms (or homomorphisms) on topological groups and of sequentially continuous (or uniformly continuous) functions on Cantor spaces (for that purpose it is proved that if a complete Boolean algebra admits a nonconstant sequentially continuous function, it admits a Maharam submeasure).
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It appeared to be convenient to have a hierarchy of large cardinals starting with the rst sequential cardinal. For instance, productivity numbers of certain classes of topological groups or topological vector spaces agree exactly with such large cardinals (see 10] and 7]). For some reasons it seemed to us more natural to de ne those cardinals by means of sequentially continuous submeasures in a similar way as measurable cardinals are de ned.
Let us recall that sequential cardinal is a cardinal such that there exists a sequentially continuous noncontinuous real-valued map on the Cantor space 2 . Those cardinals were dealt with in the classical Mazur's paper 13] and in 15]. Mazur showed that the rst sequential cardinal is weakly inaccessible and that every sequentially continuous map on a product of less than -many metrizable separable spaces into a metrizable space is continuous (even a little more general spaces can be used). Noble 15] generalized the class of metrizable separable spaces used in the last mentioned result to a bigger class including rst countable spaces.
Keisler and Tarski asked in 12] about relations of the rst sequential cardinal to (real) measurable cardinals. Recall that an uncountable cardinal is measurable (or realmeasurable) if there exists a nonzero -additive measure on all subsets of having zero values at points, with values in 2 (or in R, resp.). The -additivity means that the measure is additive on disjoint families of cardinalities less than . Clearly, the rst sequential cardinal is not bigger than the rst realmeasurable cardinal (up to now, it is not known whether these two cardinals may di er). Chudnovskij in 3] and in some of his later papers presented some contributions to the above mentioned Keisler{Tarski problem; he showed that the rst sequential cardinal is, in Fremlin's terminology, quasi-measurable (for a de nition, see 5] and the paragraph following our De nition 1), thus it is bigger than small weakly inaccessible cardinals and, if bigger than 2 ! (which happens for instance under MA), it coincides with the rst measurable cardinal. The last stated result (without mentioning MA) was also proved in 14], Proposition 3.5, and in 6], Theorem 3.3. Chudnovskij also showed (see 4]) that the smallest cardinality such that there exists a noncontinuous two{valued sequentially continuous map 2 ! 2, coincides with the rst measurable cardinal (called also the Ulam measurable cardinal).
In 11], the authors de ned uniform sequential cardinals (see also 8]) by using uniform sequential continuity instead of sequential continuity. Uniform sequential continuity means preservation of adjacency of sequences in uniform spaces. In that case one gets that the rst sequential cardinal is not bigger than the rst uniform sequential cardinal that is not bigger than the rst realmeasurable cardinal.
Instead of maps 2 ! Y one may use group{homomorphisms (regarding the Cantor space as a topological group Z 2 and taking a topological group Y ).
Such an approach to get another kind of cardinals was independently used by the second author and by Uspenskij in 1993. Hu sek de ned a cardinal to be group-sequential if there exists a noncontinuous, sequentially continuous homomorphism of Z ! G for some topological group G. Uspenskij de ned a cardinal to be g-sequential if it admits a sequentially continuous nontrivial submeasure being zero on points, and showed that one may take group pseudonorms instead of submeasures, see 19] (some details can be found in 9]). By a Noble's result from 15] (every product of nonsequentially many of g-sequential groups is g-sequential), g-sequential cardinals are uniformly sequential and, clearly, realmeasurable cardinals are g-sequential. Probably, it was Moran in 14] who rst dealt with non-g-sequential cardinals (under the name semi-reducible cardinals) | see also 6].
The nal step in investigation of the above de ned cardinals was made by the rst author in 1995 when he proved that every sequential cardinal admits a sequentially continuous nontrivial submeasure being zero on points (see 2]). It follows directly that the rst sequential cardinal, the rst uniformly sequential cardinal and the rst g-sequential cardinal coincide (see 9]. We shall show that the same remains true for their \higher" representatives.
We shall start now with basic concepts needed in this paper:
A non-negative mapping p : G ! R on a group G is called a pseudonorm if : p(e) = 0 (e is the neutral element), p(x) = p(x ?1 ) for every x 2 G, p(xy) p(x) + p(y) for every x; y 2 G. We recall that a submeasure on a Boolean algebra B is a real-valued mapping de ned on B and having the following properties:
In the last property we may assume that a; b are disjoint.
A submeasure on is said to be -subadditive if ( W a ) P (a ), whenever < and fa g is a (disjoint) family in B. A mapping f between topological spaces is said to be -continuous, for a cardinal > !, if it preserves limits of nets of lengths less than ; f is monotonically -continuous if it preserves limits of well-ordered nets of lengths less than (by length of a net we mean cardinality of the index set of the net, i.e., of the domain of the net).
In the next, we shall often speak about some topological properties of Boolean algebras. If not said otherwise, we shall always have in mind the topology given by the order{convergence of Boolean algebras, i.e., a net fa i g converges to a if lim supfa i g = lim inffa i g = a. Using this convergence, it is not di cult to show that a submeasure is (monotonically) -continuous on a -complete Boolean algebra if it is (monotonically) -continuous at 0. For instance, it is monotonically -continuous i (a ) ! 0 for fa g < & 0, where < .
A submeasure on a -complete B is said to be -additive on null sets if ( W a ) = 0 provided < and (a ) = 0 for every < (one may assume that fa g is a disjoint system). We should realize that every monotonically -continuous submeasure is -subadditive and thus is -additive on null sets. But -subadditivity does not imply monotonical -continuity; e.g., de ne on subsets of N with value 0 on ; and 1 otherwise { then is a countably subadditive submeasure that is not sequentially continuous. If we add sequential continuity to -subadditivity, we already get the -continuity:
Proposition 1 For > !, a submeasure on a -complete B is monotonically -continuous i it is sequentially continuous and -additive on null sets.
Proof. Clearly, every monotonically -continuous submeasure is -additive on null sets and is sequentially continuous for > !. Conversely, suppose that a submeasure on B is sequentially continuous and -additive on null sets, and that for a regular uncountable < ; fa g 2 B is decreasing to 0. We should prove that (a ) t u In case of = ! 1 , the -continuity and monotonical -continuity coincide (with sequential continuity). That is not the case for higher cardinals . So it may not be clear what type of continuity is convenient for generalizations of sequential cardinals. Fortunately, for submeasures both types of continuity coincide, as it is shown in the next result (the result may be known but we were not able to nd a reference). Our Corollary also implies that if we used 2{valued submeasures in our de nition of submeasurable cardinals, we would get exactly measurable cardinals (indeed, the rst such submeasurable cardinal is already measurable by 17]).
We shall now summarize some observations concerning relations between submeasures and pseudonorms on groups:
(1) Every submeasure on is a pseudonorm on Z 2 .
(2) If p is a pseudonorm (or a submeasure) then inffp; 1g has the same property. This \bounding" operation preserves discontinuity and -continuity. The next result generalizes the Uspenskij's characterization of his g-sequential cardinal by means of pseudonorms on groups. We shall need the easy fact that continuity of pseudonorms is characterized by continuity at the neutral element.
Theorem 1 An uncountable cardinal is submeasurable i there exists a noncontinuous -(monotonically) continuous pseudonorm on Z 2 (or on Z , resp.).
Proof. Let be submeasurable. The corresponding nontrivial -continuous submeasure is a -continuous pseudonorm on Z 2 ; it is noncontinuous because it vanishes at points and is non-zero. Its composition with the {power of the canonical quotient Z ! Z 2 gives the required pseudonorm on Z .
Let p be a noncontinuous -continuous pseudonorm on Z or on Z 2 (we may assume it is bounded by the previous observation (2)). For A de ne (A) = supfp(x) : R(x) Ag ; where R(x), for an element x in a product of groups, is the set of product{ indices at which x has the projection di erent from the neutral element, i.e., R(x) is the support of x.
It is easy to show that is a submeasure on . We shall prove that is noncontinuous and -continuous. If A ; < and A ! ; for 2 and if (A ) > r > 0 for every , then there are x 's with p(x ) > r; R(x ) A . Consequently, fx g < converges to the neutral element and thus fp(x )g < converges to 0, which contradicts our assumption p(x ) > r. Thus we have proved that is -continuous.
Since p is not continuous, there exists a net fx i g converging to the neutral element with all its p-values larger than some positive number r. The convergence to the neutral element in the product of discrete spaces means that R(x i ) ! ;; since (R(x i ) p(x i ), it follows that is not continuous.
Clearly, is nontrivial but it may happen that ( ) 6 = 0 for some point 2 . The set C of points having a nonzero -value must be at most countable (if not, there is an uncountable set A such that (a) > r > 0 for each a 2 A, which contradicts the sequential continuity of ). The restriction of to the set B = nC has the required properties: it is a nontrivial -continuous submeasure on a set of cardinality having zero values at points (it has really a nonzero value at B because otherwise the restriction of to C would be a noncontinuous sequentially continuous submeasure on !, which is not possible).
t u
The construction of a submeasure on from a pseudonorm on Z in the preceding proof can easily be generalized for constructing a submeasure on a set I from a pseudonorm on a product of nontrivial groups indexed by I. That construction preserves -continuity; it preserves noncontinuity provided all the coordinate groups are discrete.
Corollary 2 A cardinal is submeasurable i there exists a noncontinuous (monotonically) {continuous homomorphism on Z 2 (or on Z , resp.) into a topological group.
It remains to discuss the question whether, as by the rst submeasurable cardinal, the higher submeasurable cardinals can also be characterized by continuity of (uniformly) {continuous maps on Cantor spaces. We shall now prove that the analogous result (see Theorem 3) holds for the higher submeasurable cardinals, too. At rst we shall prove a general result on existence of sequentially continuous submeasures on Boolean algebras; to do that we need several lemmas. We shall use some ideas from 16].
Lemma 1 Let a -complete Boolean algebra B admit a nonconstant and nonnegative -continuous real-valued function f having zero value at 0, and let I be a -complete ideal contained in f ?1 (0). Then there exists a function g having the above properties as f has and, moreover, g ?1 (0) is a -complete ideal containing I.
Proof. By our assumption, there is some b 0 with f(b 0 ) = r > 0. Our procedure works with elements x b 0 only, and thus we may assume that b 0 = 1. We shall look for g in the form g(x) = f(a _ (b^x)), where a; b 2 B are disjoint. We shall nd a; b such that (1) g(x) = 0 whenever x 2 I, (2) g(x _ y) = 0 whenever g(x) = g(y) = 0, (3) g(x) = 0 whenever g(y) = 0 and x < y, (4) g (1) = r. Clearly, g is -continuous provided f is and, then, the ideal g ?1 (0) is -complete.
For the rest of this proof, we shall say that a; b 2 B are admissible if they are disjoint, f(a) = 0 and f(a _ b) = r.
Our procedure will consists of three steps.
Claim A: There are admissible a 1 2 I; b 1 2 B such that a 1 ; c?h are admissible whenever a 1 ; c are admissible and h c b 1 ; h 2 I.
Assuming there is no such admissible pair, we can construct an increasing sequence fx g !1 and a decreasing sequence fy g !1 such that the pairs x ; y are admissible, every x belongs to I and f(x _ y +1 ) 6 = r. That leads to a contradiction since we have a countable increasing sequence f n g in ! 1 such that f(x n _y n+1 ) di ers from r by not less than a xed positive number, and the same is valid for its limit f(x _ y ) at = supf n g, which contradicts our assumption of x ; y being admissible.
To construct the sequences, we start with x 0 = 0; y 0 = 1. If fx g and fy g are constructed, then we can nd h c; h 2 I such that x ; c are admissible and x ; c ? h are not admissible. We shall put x +1 = x _ h and y +1 = c ? h. In case fx g < and fy g < are constructed and is limit, we put x = If Claim C is not true, then starting with y 0 = b 2 we can construct a decreasing sequence fy g !1 and a disjoint sequence fx g !1 with x y ? y +1 and f(a 2 _ x ) > 0 (we again use sequential continuity of f at limit countable ordinals). That leads to contradiction since lim f(a 2 _ x n ) = f(a 2 ) = 0 for every increasing sequence f n g of countable ordinals.
It follows from the previous three Claims that there exist admissible a = a 2 ; b = b 3 such that whenever h c b, the pair a; c is admissible and f(a_h) = 0, then a; c ? h are admissible and f(a _ x) = 0 for every x b ? c.
We shall now show that the properties (1){(3) for g are satis ed (the property (4) Proof. Denote the canonical image (the equivalence class) of x in B=g ?1 (0) by x]. Realize that for every x 2 B we can nd y x x; y x 2 x] such that g(z) = g(y x ) for every z 2 x]; z y x . Indeed, in the other case we could construct a decreasing sequence fx g !1 in x] such that g(x ) 6 = g(x +1 ) (x = V < x for limit ); then for every increasing sequence f n g of countable ordinals we have lim(g(x n ) ? g(x n+1 )) = 0, which is impossible.
Therefore, we can de ne uniquely a function h on B=g ?1 (0) assigning g(y x ) to x]. That map is strictly positive outside 0. We must prove that it is sequentially continuous. Denoting by X the subspace of 2 composed of at most countable sets (i.e., a {subproduct), it is known (see, e.g., 13], Theorem II) that the restriction of the sequentially continuous f to X is continuous, depends on a countable set C and so, its extensionf to 2 de ned byf(P ) = f(P \ C) is continuous. Then the map g = f ?f is {continuous, g(A) = 0 for every countable subset A of , g 6 = 0 (thus, g is not continuous). We may assume that g( ) 6 = 0 and, taking the positive or negative part, that g 0. Of course, we may add an assumption that g is bounded. Take I = fA : jAj < g and apply Theorem 2. We get a nontrivial -continuous submeasure on . Consequently, is submeasurable. t u
